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Disclaimer #1

* There is really nothing
(more) about zombies
In this talk

— that was just to get
you in the room today
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Disclaimer #2

* There is not really
much about
computational
sustainability, either

— well, there is some

— | will try, with varying degrees of success, to
provide examples of decomposition in
problems related to computational
sustainability
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 Decomposition &
Modeling

* Logic-based
Benders Decomposition
(LBBD)

» Applying LBBD to Problems Somewhat
Related to Computational Sustainability

* Beyond Decomposition
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wherein, | try to convince you that

Th e P I a decomposition is central to applying

optimization to real problems

 Decomposition &
Modeling

* Logic-based
Benders Decomposition
(LBBD)

» Applying LBBD to Problems Somewhat
Related to Computational Sustainability

* Beyond Decomposition
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Wind Farm Design




Wind Farm Design

 You want to build a
commercial wind farm
— what turbines do you buy? how many?

— where do you build it? what do you build (e.qg.,
turbine foundations, turbine layout, roads,
electrical connections, energy storage)?

— how do you build it (construction planning)?
— how do you operate it?
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Wind Farm Design

* You want to build a
commercial wind farm

Somehow you need to decide how to solve all these inter-related problems.

— where do you build it? what do you build (e.qg.,
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Wind Farm Design

* You want to build a
commercial wind farm

Somehow you need to decide how to solve all these inter-related problems.

— where do you build it? what do you build (e.qg.,

The only reasonable way forward (as our scientific/engineering
methodology has it) is to identify sub-problems we can solve
(more or less) independently.

— how do you operate it?
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Problem 1: Turbine Placement

* Objective: maximize energy production or
profit

 Constraints:

— location: min. separation, land topology,
existing infrastructure

— limit of input power to grid
— turbine specifications

* Decisions:
— turbine types, number, placement ¥

University of Toronto _
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Turbme Placement Challenges
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Turbine Placement Challenges

_________
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Thanks to Peter Zhang.



Problem 2: Infrastructure Layout

* Design the supporting structure

— turbine foundations, electrical network, road
network, control, monitoring and data
gathering

— reliability, maintenance, life time (stochastic!)

« Power loss via transmission scales with
length

— the turbine placement and electrical network

are interdependent -
University of Toronto _
Mechanical & Industrial Engineering .S
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Problem 3: Wind Energy Storage

« Smooth supply variations by storing
energy (e.g., battery)

— how big should the battery be?

* Depends on how it is used
— connection with unit commitment problem
— economic connection with turbine placement

.
University of Toronto _
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Decomposition

» Hierarchical (the standard way)

— overall problem is split into sub-problems
solved one at at time or independently

* e.g., infrastructure layout after turbine placement
— no feedback

* Integrated

— decisions really depend on
each other but problem too
big to solve in one model &

— decomposition with feedback University of Toronto

hanical & Industrial Engineering
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— no feedback &
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The Plan Sad\y the phn
S 3 D one.

 Decomposition &
Modeling

. LOgiC-based wherein the basic idea is introducf\cl’ 'S
Benders Decomposition
(LBBD)
» Applying LBBD to Problems Somewhat
Related to Computational Sustainability
* Beyond Decomposition
o3

University of Toronto _ &
Mechanical & Industrial Engineering @
!.—.:‘.-L.ua"



16

Logic-Based

Benders U%

Decomposition
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Logic-Based
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Decomposition
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Logic-Based
Benders
Decomposition

INTEGRATED
METHODS FOR
OPTIMIZATION 3

LOGIC-BASED
METHODS
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Resource Allocation &

Scheduling
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Resource Allocation &

Scheduling
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Problem Detalls

* Each job, J, has:
— release date, R; (earliest start time)
—deadline, D; (latest end time)
— processing time, p;, on resource k
— resource requirement, r;, for resource k
— Ccost, ¢, to use resource k

» Goal: assign and schedule jobs to
minimize total assignment cost while
satisfying time windows and resource -

University of Toronto _
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CP Model

kek jeJ
s. t. Z:cjkz ViedJ
ke
optcumulative(S,x.k, -k, "k, Ck) Vk € K
0<R; < 5j < max{(D; —pjk) Tjk} vieJd
z,r € {0,1} Yj € Jy V& K
S; € 4 ViEeJS
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CP Model

min Z Z Cjk Ljk x; = 1if job j is assigned to resource |
kek jeJ

s. t. ijkz YFE S
kEK
optcumulative(S,x.k, -k, "k, Ck) Vk € K
0<R; < 5j < max{(D; —pjk) Tjk} vied
zjr € {0,1} VieJ,Vke kK
S; €L Vi EJ
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CP Model

min Z Z Cik Ljk x; = 1if job j is assigned to resource |
keKk jeJg

s. t. Z Tjk = all jobs assigned to one resource
keX
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CP Model

min Z Z Cik Ljk x; = 1if job j is assigned to resource |
keKk jeJg

s. t. Z Tjk = all jobs assigned to one resource
keX
optcumulative(S,x.k, -k, "k, Ck) resource capacity
0<R; < 5j < max{(D; —pjk) Tjk} vVieJ
zjr € {0,1} VieJ,Vke kK
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CP Model

min Z Z Cik Ljk x; = 1if job j is assigned to resource |
keKk jeJg

s. t. z Fap = 1 all jobs assigned to one resource
keX
optcumulative(S,x.k, -k, "k, Ck) resource capacity
V5T =S S yEAPr ) T g windows
z,r € {0,1} viedJd, VkEN
S; € ViEeJS
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CP Model

min Z Z Cik Ljk x; = 1if job j is assigned to resource i
keKk jeJg

s. t. Z Eap = 1 all jobs assigned to one resource
keK
optcumulative(S,x.k, -k, "k, Ck) resource capacity
V=R =5 = gD mp) Tk g windows
zjr € {0,1} ViedJd, VkERNR
Sj € Z VieJdJ

Tends not to work too well
(if goal is finding and proving optimality).
Why? S
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LBBD

e =
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LBBD

Solution

e =
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LBBD

Cut
Solution

Master Problem —

Cut

Subproblem 1 « o . Subproblem n

- <
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LBBD

* Partition problem into
— Master problem with decision variables, y
— Sub-problem(s) with decision variables, x
— When the y’s are fixed (to say, y), sub-
problems are formed
« MP & SP do not have to be any particular
form (e.qg., IP/LP, IP/CP)

« Each sub-problem is an inference dual
— What is the max. LB that can be inferred ¥

niversity of Toronto _
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Making LBBD Work

* Sub-problem relaxation

— MP solving needs to have some guidance or
else it jJust enumerates all MP solutions

» Strong & cheap cuts

— Cuts should remove more than just the
current MP solution

-
University of Toronto _
Mechanical & Industrial Engineering
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LBBD Master (MIP)

Imin >4 >4Cj]€ Lk

kek jeJ
8. L. Z.’Bﬂczl VjEj
ke
Z Tjk PikTjk < ék Vk € K
jET
 (I—zx)>1 VkeK, helH-1]
€I K
rx; € {0,1) k€ K, VjeJ,

with C, = C, - (max;e 7{D;} — min;e 7{R;}).

24
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| BBD Master (MIP)

min >: >: Cjk Ljk Minimize resource assignment cost
ke jeJ
s. t. Z:Bjkzl VieJ
kek
Z Tjk PikTjk < ék Vk € K
e
 (I—zx)>1 VkeK, helH-1]
jEjhk
:ijE{O,l} Vke K, V) e J, -

with Cj, = Oy - (maxje7{D;} — minje7{R;}). ing &,
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| BBD Master (MIP)

min > y > _, Cjk Tjk Minimize resource assignment cost
kek jeJ

5. G Z Lik = 1 Each activity is assigned to one resource
ke
Z Tjk PikTjk T ék Vk € K
jET

 (I—zx)>1 VkeK, helH-1]

jEJhk
rr; € 10,1} Vk e IC, Vi e J, "

with Cj, = Cy, - (max;je7{D;} —minjes{R;}). ng &Y,
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LBBD Master (MIP)

min > g 2 lec Ljk Minimize resource assignment cost
kek jeJ

8. B E Lik = 1 Each activity is assigned to one resource
kek

E ik PikTik < (. Vk «  Sub-problem relaxation

(Can we do better?)

jeT

 (I—zx)>1 VkeK, helH-1]
FEIThr
zi; € {0,1} vk e K, VjeJ.

with Cj, = Cy, - (max;je7{D;} —minjes{R;}). no, &Y,



24

| BBD Master (MIP)

111111 > y > _, Cik Tjk Minimize resource assignment cost
kek jeJ

8. B E Lik = 1 Each activity is assigned to one resource
kek

E ik PikTik < (. Vk «  Sub-problem relaxation

(Can we do better?)

jeT
 (I—zx)>1 VkeK, helH-1]
JE€EThk Benders cut
C do better?
rk; € {0, 1} ke n, V] e,

with Oy = Cy, - (maxje 7{D;} — minje 7{R;}). ng &,
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Sub-problem Relaxation
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Sub-problem Relaxation
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Sub-problem Relaxation
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Sub-problem Relaxation
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Benders Cut

» (I—zp)>1 VkeK, he[H-1]

jEJhk

* Do not allow same assignment of activities
(or a superset) to be assigned to the same
resource

* Gets inserted into the master problem!

University of Toronto _
Mechanical & Industrial Engineering
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Benders Cut

Counter for the iterations

Y (1-zx)>1 VkekK(hkE[H-1]

jEJhk

* Do not allow same assignment of activities
(or a superset) to be assigned to the same
resource

* Gets inserted into the master problem!
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Benders Cut

Counter for the iterations

Z (1—z)>1 VkEK@
& ‘ The set of jobs assigned to

resource Kk in iteration h.

* Do not allow same assignment of activities
(or a superset) to be assigned to the same
resource

* Gets inserted into the master problem!

University of Toronto
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LBBD Subproblem (CP)

cumulative(S,p.g, 7.k, Ck)
Rj <S5 <Dj—pjk Vi € Tk
Sj c L Vi € Tk

* Single-machine, feasibility problem

-
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A Tighter Relaxation

=

est Ift “lf
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A Tighter Relaxation
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A Tighter Relaxation
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A Tighter Relaxation
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A Tighter Relaxation
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A Tighter Relaxation

[Hooker 2007]
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A Tighter Relaxation

“Single” relaxation

e pa < O (max{D.:l — min{R..
j;jpjkr]kx]k_ k (1}163%{ ]} ?él;l{ ]})

-
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A Tighter Relaxation

“Single” relaxation

e pa < O (max{D.:l — min{R..
;ngrjkxjk— k (1}1&}({ ]} ?él}l{ 3})

“Interval” relaxation

Y purjkaie < Ck - (ta —t1) Vk € K, Y(t1,ts) €
jET (t1,t2)
& = {(tlﬂtQ) | tl = RatQ = D:tl < tQ}
J(t1,t2)={j €T |t1 <Rj,ta > D;} P

University of Toronto _ %
Mechanical & Industrial Engineering
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A Stronger Benders Cut?

» (I—zp)>1 VkeK, he[H-1]

jEJhk

-
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A Stronger Benders Cut?

» (I—zp)>1 VkeK, he[H-1]

jEJhk

* Repeatedly resolve infeasible sub-
problem, removing activities to identify a
minimal infeasible subset of J,
s

University of Toronto _
Mechanical & Industrial Engineering
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Results?

« Well it is a bit controversial
— LBBD best for finding and proving optimality

— MIP best for finding high-quality feasible
solutions

— CIP competitive

— CP good for finding high-quality feasible, bad
for proving optimality

-
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Results?

» Wellitis a bit

— LBBD best for finding and proving optimality

— MIP best for finding high-quality feasible

solutions

Stefan Heinz, Wen-Yang Ku and Chris Beck
Recent improvements using constraint integer programming for
resource allocation and scheduling problems

Andre Cire, Elvin Coban and John Hooker
Mixed integer programming vs logic-based Benders decomposition for
planning and scheduling

-
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Parallel Machine Scheduling

Machines

1

Time 5
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Parallel Machine Scheduling

Machines

1
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w

Time v
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Parallel Machine Scheduling

Machines

Makespan
1

N
N
Z
w

Time v
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Parallel Machine Scheduling

Machines

Makespan _
Parallel machine

scheduling with
sequence and
machine dependent
set-ups

1

N
N
Z
w

Time 5
University of Toronto _ %
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[Tran & B. 2012]
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N M
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S.t.

36

Cma:c
N M
Z: Z T = 1 X = 1if k is processed directly after j on
- machine i
j=0,j#k i=1
N N
Z Tigh — Z rine h€EN;1e M (2)
j=0,j#h k=0,k#h
M M
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S.t.

36

Cmacc
N M
E E Tijk = 1 Xj = 1ifKkis process_ed djrectly after j on
machine i

N

N
E P E : , each job preceded and succeeded
S — Lihk .
by at most one other job
j=0,j#h k=0,k+#h

M M
Ck Z Oj -+ Zicijk(sijk +pzk) - V(Z Lijk — 1)
i=1 1=1

jeEN; ke N (3)
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36
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Z Z P | x; = 1if k is processed directly after j on
d machine i
N N
Z R | each job preceded and succeeded
S — Lihk .
by at most one other job
§=0,jh k=0,k£h
M M
Cr 2 Cj+ injk(szjk + pik) + V(Z Tijk — 1)
i=1

sets completion time of jobs based
on sequence

N
Z Ti0j = e M (4)
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S.t.

36

Cma,ac

Z Z Tije = 1 xj = 1 if k is processed directly after j on
machine i

N N
Z g — Z Tink each job preceded and succeeded
e o by at most one other job
j=0,j#h k=0,k#h
M M
Cr2>2C;+ me (sijk + pik) + V(Z Tije — 1)
=1 sets completion time of jobs based
. on sequence
Z Li0; = only one job first on each machine
j=0
Cj S C"mam .7 € N (5)
Co =0 (6)
OJEO JEN (7)nto?
ziik € {0, 1} jkeN;ie M (8) Y,



Your Turn

* Develop an LBBD
model

— master problem?
— sub-problem?

— sub-problem
relaxation?

— cut?
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Your Turn

* Develop an LBBD

model
— master problem?
— sub-problem?

— sub-problem
relaxation?

— cut?

assign jobs to machines

. .. e e o
-_A

sequence each machine %
N/ Do \ »
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Your Turn

* Develop an LBBD

model

— master problem?

— sub-problem?

— sub-problem
relaxation?

— cut?

assign jobs to machines

L S E— T

sequence each machine ~ TSP
|QV’;/‘ e \ g

Remember: jobs needs to be

assigned to machines and the

jobs on a machine need to be
sequenced. A

o
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Master Problem

min C,,.. x; = 1 iff job j is assigned to machine i
' | yix = 1 iff job j is immediately before job k
8.0, Z LijPij -+ E,‘ S C,,”u._. 1 € M on maChine |
JEN
) gz =1, jEN
ieM

f,i — Z Z YijkSijks e M

JEN kEN . k#j)

T = Z Yijk» ke N;1e M
jeEN
Tii = ) Yijks jeEN:;ieM
keN
cuts
z;; € {0;1}, jEN;ieM A
University of Toronto _ %
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Master Problem

min C,,.. x; = 1 iff job j is assigned to machine i

yix = 1 iff job j is immediately before job k

S.t. Z LijPij -1~ Ei S Cfnuu'f Z = M on maCh|ne |
JEN
Y zy=1 jEN

T — Yiik ke N:ie M .
L= 9 Sub-problem relaxation

gy
A o,
!"«-vn
b M £,
. ,
i
i
iy
W\
ot
M
3
<,
e
M
e
P

cuts

z;; € {0;1}, jEN;ieM A
University of Toronto _ %

0< Yiik <1, ] ke N:ie M Mechanical & Industrial Englneerlng_{ Vs



38

Master Problem

min  Chas x; = 1 iff job j is assigned to machine i
| yix = 1 iff job j is immediately before job k
S.t. Z ;I-'I'_j])ij =t Ei S Cmu.rf 1 € -\[ on machlne |
JEN
) gz =1, jEN
ieM
é — Z Z ;;!!a:‘flh;!g ] = j%f \
FEN kEN.k#j
=5 ke N;ie M
Lik — Yiik K& 1 € | .
‘i‘ ; Sub-problem relaxation
Lij = Z Yijk IE NI E M
,K s /
cuts | Generated by sub-problem

z;; € {0;1}, jeEN;ieM Ap
University of Toronto _ %
0< Yiik <1, ] ke N:ie M Mechanical & Industrial Englneerlng_{ Vs
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Sub-problem

* Assymetric TSP
— nodes = jobs
— distance = set-up time

P2+ S51

-
iversity of Toronto _
Istrial Engineering
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Cut

C h‘l*
maxr - ma:c

Optimal makespan on
machine i in iteration h

= > (1= 24)0hi;.

JENh

University of Toronto |
Mechanical & Industrial Engineering
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Cut

C hz*
maxr Z_ ma:c

Optimal makespan on
machine i in iteration h

40

- ) (1= 2i;)0hi;.

h
JENt.

\

|

Ori; = pij + maxPrep;,

University of Toronto _
Mechanical & Industrial Engineering
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Cut

hz*
Cma:t: - ma:c Z (1 :rl_])gh‘t_’]
JEN 1

|
Optimal makespan on Ohi; = pi; + maxPren;,

machine i in iteration h

Lower bound on job |'s
contribution to the makespan
on machine i in iteration h

University of Toronto _
Mechanical & Industrial Engineering



Stopping Conditions

* All SPs find schedule with
makespan < makespan of MP, or

* MP finds solution with makespan equal to
best feasible solution found so far

— each iteration provides a feasible (but not
necessarily improving) solution

.
University of Toronto _
Mechanical & Industrial Engineering
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Results

100000

10000

1000 -
~
9,
100 A
Q
&
=
| = MIP
S 10
nd m Benders
1 a
0.1 -
0.01

# of Machines and Jobs University of Toronto _
Mechanical & Industrial Engineering

[Tran & B. 2012] el
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We ad 39\%\\. |

The Plan Sad\y the phn
S 3 D one.

 Decomposition &
Modeling
* Logic-based

Benders Decomposition

wherein we try to get back to the
(LBBD) topic of the Master Class

* Applying LBBD to Problems Somewhat
Related to Computational Sustainability

* Beyond Decomposition

o

University of Toronto _ &
Mechanical & Industrial Engineering @
fo-u.__g'--‘.'



Problem 1: Turbine Placement

* Objective: maximize energy production or
profit
» Constraints:

— location: min. separation, land topology,
existing infrastructure

— limit of input power to grid
— turbine specifications

* Decisions:
— turbine types, number, placement

University of Toronto

45
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Turbine Placement Challenges

_________

T 15%

—————————————————————————

_____________

Thanks to Peter Zhang.
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Turbine Placement Challenges

|dea: use decomposition to
separate linear from non-linear
parts of the problem

_________

—————————————————————————

Thanks to Peter Zhang.
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Turbine Placement Challenges

|dea: use decomposition to
separate linear from non-linear
parts of the problem

_________

Peter Y. Zhang, David A. Romero, ]. Christopher Beck and Cristina H. ’
Amon

Solving Wind Farm Layout Optimization with Mixed Integer
Than, Programming and Constraint Programming
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A Location-Allocation Problem
Potential
./ facilities
@
o o
e o
. University of Toronto %

Mechanical & Industrial Engineering_‘@r
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A Location-Allocation Problem

Potential
./ facilities O
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A Location-Allocation Problem
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A Location-Allocation Problem
O

Potential
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A Location-Allocation Problem

Potential

./ facilities O
O
o @
Mechanical & In d t eerlng_;?i".
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Computational Sustainability?

 Originally the facilities were to be recycling
centres in the city of Tehran

University of Toronto _
Industrial Engineerin
gneerng, &Y,




112

A Mixed Integer Model

1: 1f site J1s open
0: otherwise

1: 1f client11s served by the kth vehicle of site j
0: otherwise

{1: if a kth vehicle of site ]

otherwise

University of Toronto _
Mechanical & Industrial Englneerlng

[Alberada-Sambola et al. 2009], Computers & OR, 36(2): 597-611, 2009.
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min Z fipi +u Z Z Zik+ Z Z Cij Z LTijk

jeJ jeJ keK icl jeJ kek

st Y Y agr=1 iel (1)

jeJ keK

i€l

Z Zdz‘%’jk <bjp; j€J (3)
i€l keK

Zik < Dj jeJ ke K (4)

o

University of Toronto _ &

Mechanical & Industrial Engineering @
[Alberada-Sambola et al. 2009], Computers & OR, 36(2): 597-611, 2009. Bt The



Fixed facility cost
N L A,
1=

jeJ keK icl jeJ  kek

st Y Y agr=1 iel (1)

jeJ keK

i€l

i€l keK

Zjk < Pj jeJkek (4)

o

University of Toronto _ &

Mechanical & Industrial Engineering @
[Alberada-Sambola et al. 2009], Computers & OR, 36(2): 597-611, 2009. Bt The



Fixed facility cost
min u szk-f-zzcz'jzxz’jk

= cJ keK icl jeJ kek
Venhicle cost

jeJ keK

i€l

DD dirgk < by jE€ 3

i€l keK

Zjk < Dj jeJkek (4)

o

University of Toronto _ &
Mechanical & Industrial Engineering @
[Alberada-Sambola et al. 2009], Computers & OR, 36(2): 597-611, 2009. Bt The



Fixed facility cost

= cJ keEK .

Vehicle cost

st Y Y agr=1 iel (1)

jedJ keK

Ztija:ijk <l-zpp jekekK (2)

el

Z Z dizize < bjp; je€J (3)

icl keK

ijgpj jEJ,k'EK (4)

Tijk < Zjk tel,jeJ ke K (5)

Zik < Zjk—1 _] = JIC - K\{l} (6)

Tijk,Dj, 2k €10,1} i€ l,jeJ ke K (7)

AP

University of Toronto _ &
Mechanical & Industrial Engineering @
[Alberada-Sambola et al. 2009], Computers & OR, 36(2): 597-611, 2009. Bt The



Fixed facility cost

= cJ keEK .

Vehicle cost
e - Each client is served by one

8.5, Z Z Tige = 1 €1 truck at one site

jeJ keK

thxwk <l-zpp jekekK (2)

el

DD dirgk < by jE€ 3

icl keK

Zjk < Dj jeJkek (4)

o

University of Toronto _ &
Mechanical & Industrial Engineering @ )
[Alberada-Sambola et al. 2009], Computers & OR, 36(2): 597-611, 2009. Bt The



min (l Z Nty
JE cJ keK ;

Fixed facility cost

Assignment cost

S.b. Z Zl'z'jk ==

jeJ keK

Ztijl"z'jk o & Zjk

el

Z Z d;iTijr < bjp;

i€l keK

e [
7€ Jke K
7€ .J

7€ JkeK

vel,jeJ ke K
je J ke K\{1}
vel,jeJ ke K

Vehicle cost

Each client is served by one
truck at one site

Distance Constraint

(3)
4

(4)
(5)
(6)
(7)

o

University of Toronto _ &

Mechanical & Industrial Engineering @
f-—;{__g'ue-‘.'

[Alberada-Sambola et al. 2009], Computers & OR, 36(2): 597-611, 2009.




Fixed facility cost

= cJ keEK .

Vehicle cost
e - Each client is served by one

BL Z Z Tige = 1 1€l truck at one site

jedJ keK

Ztisz’jk < [, Zik jieJkeK Distance Constraint

iel . Capacity Constraint

Z Z dizijr < bjp; j€J =7

i€l keK

Zjk < Dj jeJkek (4)

o

University of Toronto _ &

Mechanical & Industrial Engineering @
[Alberada-Sambola et al. 2009], Computers & OR, 36(2): 597-611, 2009. Bt The



Fixed facility cost

= cJ keEK .

Vehicle cost
- - Each client is served by one
S.T. Z Z Lijk 1 €1 truck at one site
jeJ keK
Zt"’l'“k <1z jeJkeK Distance Constraint
tjLige = J ot L

iel . Capacity Constraint
Z Z dizijr < bjp; 7€ J )
i€l keK A client must be served by
Zik < Dj je ke K an open site and an
Tijk < Zjk iel.jeJkekK al\loc/;ated vehicle

o

University of Toronto _ &
Mechanical & Industrial Engineering @
!...:‘.-_Llna"

[Alberada-Sambola et al. 2009], Computers & OR, 36(2): 597-611, 2009.



Fixed facility cost

= cJ keEK .

Vehicle cost
- - Each client is served by one
S.T. Z Z Lijk 1 €1 truck at one site
jeJ keK
- Distance Constraint
iel . Capacity Constraint
Z Z dizije < bjp; J € J 7
i€l keK A client must be served by
Zik < Dj je ke K an open site and an
Tijk < Zjk iel.jeJkekK al\loc’;ated vehicle
Zik < Zjk-1 j € J ke K\{l} Symmetry Constraint

Tijk,Dj, 2k € 10,1} i€ l,je J ke KT(I)

o

University of Toronto _ &
Mechanical & Industrial Engineering @
!...:‘.-_Llna"

[Alberada-Sambola et al. 2009], Computers & OR, 36(2): 597-611, 2009.



Fixed facility cost

Assignment cost

JE '

St Problem: The model doesn’t scale e

40 clients, 20 possible locations:
/5% of problems unsolved in 48
hours y

[CP is even worse]

-
University of Toronto _
Mechanical & Industrial Englneerlng

[Alberada-Sambola et al. 2009], Computers & OR, 36(2): 597-611, 2009.



Your Turn

* Develop an LBBD
model

— master problem?
— sub-problem?

— sub-problem
relaxation?

— cut?

University of Toronto _
Mechanical & Industrial Engineering
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Decisions to make

* \Which facilities to open

* Which customers to assign to which open
facilities

 How many vehicles at each facility

* Which customers to assign to which trucks

-
University of Toronto _
Mechanical & Industrial Engineering
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Logic-Based Benders
Decomposition (LBBD)

Capacity and Distance
Constrained Plant Location
Problem

.
University of Toronto _
Mechanical & Industrial Engineering

[Fazel-Zarandi & B 2012]
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Logic-Based Benders
Decomposition (LBBD)

Location-Allocation Master

Problem
Truck Assignment Truck Assignment
Subproblem 1 « o . Subproblem n
(TASP 1) (TASP n)

-
University of Toronto _
Mechanical & Industrial Engineering

[Fazel-Zarandi & B 2012] /JOC, 24, 399-415, 2012.
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Logic-Based Benders
Decomposition (LBBD)

Location-Allocation Master

Problem
Solution Solution
Truck Assignment Truck Assignment
Subproblem 1 « o . Subproblem n
(TASP 1) (TASP n)

-
University of Toronto _
Mechanical & Industrial Engineering

[Fazel-Zarandi & B 2012] /JOC, 24, 399-415, 2012.
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Logic-Based Benders
Decomposition (LBBD)

Location-Allocation Master

Problem
Cut Cut
Solution Solution
Truck Assignment Truck Assignment
Subproblem 1 « o . Subproblem n
(TASP 1) (TASP n)

-
University of Toronto _
Mechanical & Industrial Engineering

[Fazel-Zarandi & B 2012] /JOC, 24, 399-415, 2012.
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Can We Do Better?

* Why do | have to make the truck
assignment right away”?
— introduces a lot of symmetry

— delay detailed truck assignment until we have
a facility and customer assignment that looks
good

* Triple index (x;) is ugly

-
University of Toronto _
Mechanical & Industrial Engineering
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Change the Model

pj:

1: 1f site j 1s open
0: otherwise

1: 1if chient11s served by site j
0: otherwise

numVehj : The number of vehicles assigned to facility j

.
University of Toronto _
Mechanical & Industrial Engineering
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min Z fipj + Z Z CiiTij + U Z numVeh;

jeJ icl jed JjeJ

injzl 1€ 1 (8)

jed

Y tyzg <I-E F e 9)

icl

tijoiy < i s g d,jed [10)

Zdz%j < b;p; j€J 11)

icl

numVeh; > [Zigjltz'jﬂfz'j-‘ jedJ (12)

cuts (13)

Ti; < P; rel,jed (14)

25,0 € {0,1},numVeh; € {0,...,k} iel,jeJ (15) %

University of Toronto _ &
Mechanical & Industrial Engineering @"
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min Z fipj + Z Z CiiTij + U Z numVeh;

jeJ icl jeJ jeJ

t. | e T Each client is served by
i Ze;x d o one facility

J

icl

iel

numVeh; > [ZzEIl J@J-‘ j€J (12)

cuts (13)

x5, p; € {0,1}, numVeh; € {0,...k} 1€l,5€J (15) e

University of Toronto _ &
Mechanical & Industrial Engineering @
!...:‘.-_Llna"
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min Z fipj + Z Z CiiTij + U Z numVeh;

jed icl jeJ jed

t. e =— [l < ]  Eachclientis served by
” wa ‘< one facility

jed

th‘jl‘zj <l-k FE Distance

iel Constraints

tzJIzJSI 261]6] (xo7

iel

il

numVeh; > [ZzEIl N U-‘ jedJ (12)

cuts (13)

x5, p; € {0,1}, numVeh; € {0,...k} 1€l,5€J (15) P

University of Toronto _ & _
Mechanical & Industrial Engineering @
!"‘:‘.__Ll“""
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min Z fipj + Z Z CiiTij + U Z numVeh;

jeJ icl jeJ jeJ

t. e = 1 e T Each client is served by
” wa ‘e one facility

jed

th‘jl‘zj <l-k e Distance

iel Constraints

tiinjgl 261]6] S

Z ity = 0205 J€ Capacity Constraint

icl

> _ict bigTis -

numVeh; > l j€J (12)

cuts (13)

x5, p; € {0,1}, numVeh; € {0,...k} 1€l,5€J (15) e

University of Toronto _ & _
Mechanical & Industrial Engineering @
f——;{___\lue-‘.'
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min Z fipj + Z Z CiiTij + U Z numVeh;

jeJ icl jeJd jeJ
t. e = 1 e T Each client is served by
” wa ‘e one facility
jed
th‘jl‘zj <l-k e Distance
iel Constraints
tiinjgl 261]6] S
Z ity = 0205 J€ Capacity Constraint
T
numVeh; > {ZZEIZ Y U-‘ ] j€J (12)
cuts (13)
x5, p; € {0,1}, numVeh; € {0,...k} 1€l,5€J (15) e

University of Toronto _ & _
Mechanical & Industrial Engineering @
f——;{___\lue-‘.'
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min Z fipj + Z Z CiiTij + U Z numVeh;

jeJ icl jeJ jeJ
st o | =i Each client is served by
; N one facility
j
th‘jl‘zj <l-k e Distance
iel Constraints
tz-ja:z-jﬁl ZGIJGJ S
Zdz‘l’zj < b;p; J€ Capacity Constraint
: ~— .
numVeh; > ZEIZ vy JEd (12)
)
cuts We’'ll talk about these later... | (13)
x5, p; € {0,1}, numVeh; € {0,...k} 1€l,5€J (15) e

Mechanical & Industrial Engineering

El
e

University of Toronto _ & _
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Solving this model, we get:

» The open facilities (p;)

* The assignment of customers to facilities
(X;)

* The number of trucks at each facility
(numVeh))

-
University of Toronto _
Mechanical & Industrial Engineering
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Solving this model, we get:

» The open facilities (p;)

* The assignment of customers to facilities
(X;)

* The number of trucks at each facility
(numVeh))

So we’re done, right?

-
University of Toronto _
Mechanical & Industrial Engineering
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A Problem

* The customers assigned to a facility might
not fit in the trucks we have allocated to
that facility

. r Ui Tij
numVeh; > [Zzell J 31 je€J

.
University of Toronto _
Mechanical & Industrial Engineering
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Truck Assignment Subproblem
(TASP)

* Given: Assigned clients & number of
vehicles at each open facility

* Goal: Assign clients to vehicles such that
the vehicle distance constraints are
satisfied

-
University of Toronto _
Mechanical & Industrial Engineering
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Truck Assignment Subproblem
(TASP)

* Given: Assigned clients & number of
vehicles at each open facility

* Goal: Assign clients to vehicles such that
the vehicle distance constraints are
satisfied

TASP = bin packing
[distance = “capacity”]
- o

University of Toronto _
Mechanical & Industrial Engineering
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TASP

of Toronto @
ngineering
B =
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Bin Packing Using CP

MIN numVehBinPacking

St:
pack (vehicleDist, I, dist )

] J ]

numVeh; < numVehBinPacking; < numVehFFD;

-
University of Toronto _
Mechanical & Industrial Engineering
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What about the cut? 2« |_kxs

T Two |7

1 2
75 km 75 km
75 km 75 km
3 4

100 km

Truck distance capacity (I)= 100 km
Truck 1 Truck 2 Truck 3

-

University of Toronto _
Mechanical & Industrial Engineering
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What about the cut? 2« |_kxs

T Two |7

1 2
75 km 75 km
75 km 75 km
3 4

100 km 1

Truck distance capacity (I)= 100 km
Truck 1 Truck 2 Truck 3

University of Toronto _
Mechanical & Industrial Engineering
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4)(75

| 100 "'

What about the cut? P

1 2
75 km 75 km
75 km 75 km
2
3 4
100 km 1

Truck distance capacity (I)= 100 km
Truck 1 Truck 2 Truck 3

University of Toronto _
Mechanical & Industrial Engineering
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4)(75

| 100 "'

What about the cut? P

1 2
75 km 75 km
75 km 75 km
3 4

100 km 1 2

Truck distance capacity (I)= 100 km
Truck 1 Truck 2 Truck 3

University of Toronto _
Mechanical & Industrial Engineering
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What about the cut? F fexzs)._,
1 2
75 km 75 km
75 km 75 km
3
3 4 l
100 km 1 2

Truck distance capacity (I)= 100 km
Truck 1 Truck 2 Truck 3

-
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What about the cut? F fexzs)._,
1 2
75 km 75 km
75 km 75 km
3 4 l
100 km 1 2 3

Truck distance capacity (I)= 100 km
Truck 1 Truck 2 Truck 3

-
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What about the cut? F fexzs)._,
1 2
75 km 75 km
75 km 75 km
4
3 4 l
100 km 1 2 3

Truck distance capacity (I)= 100 km
Truck 1 Truck 2 Truck 3

-
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What about the cut? P fex3s]
1 2
75 km 75 km
75 km 75 km
3 4
100 km 1 2 3 4

Truck distance capacity (I)= 100 km
Truck 1 Truck2  Truck 3 Truck 4

University of Toronto _
Mechanical & Industrial Engineering
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4)(\

“1100 ‘-‘

What about the cut? F

1 2
numVeh, > numVeh; — Z(l— xij)
75 km 75 km iely
75 km 75 km
3 4
100 km 1 7 3 4

Truck distance capacity (I)= 100 km
Truck 1 Truck2  Truck 3 Truck 4

-

University of Toronto _
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4)(75
flnn 1"

What about the cut? PI

1 2
numVeh, >(numVeh Z(l X )
75 km 75 km il
. 4 trucks
75 km 75 km
3 4
100 km 1 7 3 4

Truck distance capacity (I)= 100 km
Truck 1 Truck2  Truck 3 Truck 4

University of Toronto _ %
Mechanical & Industrial Engineering
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4x75
| 100 "'

numVeh, >(numVeh; )-
75 km 75 km !
. 4 trucks 1 truck

75 km 75 km

What about the cut? F

100 km 1 7 3 4

Truck distance capacity (I)= 100 km
Truck 1 Truck2  Truck 3 Truck 4

University of Toronto _ %
Mechanical & Industrial Engineering
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Cuts

 Constraints added to the MP each time
one of the sub-problems is not able to find
a feasible solution

numVeh>numVeh, —Z(l—xij) JeJ,

iEIh

-
University of Toronto _
Mechanical & Industrial Engineering
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Cuts

 Constraints added to the MP each time
one of the sub-problems is not able to find
a feasible solution

numVeh 2[numVeﬁL]—Z(1— Xij) JeJ,
T lel,,
|

# vehicles at site j
assigned in iteration h

-
University of Toronto _
Mechanical & Industrial Engineering
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Cuts

 Constraints added to the MP each time
one of the sub-problems is not able to find
a feasible solution

numVeh 2[numVeﬁ.1]—ZI(1—xij)] jed,

Max. decrease in the #
vehicles needed given
reassigned clients e

university of Toronto _ &
Mechanical & Industrial Engineering

# vehicles at site j
assigned in iteration h



127

min Z fipj + Z Z CiiTij + U Z numVeh;

jeJ icl jeJ jeJ

t. e = 1 e T Each client is served by
” wa ‘e one facility

jed

th‘jl‘zj <l-k e Distance

iel Constraints

tiinjgl 261]6] S

Z ity = 0205 J€ Capacity Constraint

icl

> _ict bigTis -

numVeh; > l j€J (12)

cuts (13)

x5, p; € {0,1}, numVeh; € {0,...k} 1€l,5€J (15) e

University of Toronto _ & _
Mechanical & Industrial Engineering @
f——;{___\lue-‘.'
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min Z fipj + Z Z CiiTij + U Z numVeh;

jeJ icl jeJ jeJ

S.t. Tas = 1 ; € [  Eachclientis served by
Z N one facility
jed
th‘jl‘zj <l-k e Distance
iel Constraints
tiinjgl 261]6] S
Z ity = 0205 J€ Capacity Constraint
iel
numVeh; > {ZiEI L xij-‘ jelJ Sub-problem Relaxation
cuts (13)
x5, p; € {0,1}, numVeh; € {0,...k} 1€l,5€J (15) %

University of Toronto _ & _
Mechanical & Industrial Engineering @
f——;{___\lue-‘.'
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min Z fipj + Z Z CiiTij + U Z numVeh;

jeJ icl jeJ jeJ

S.t. Tas = 1 ; € [  Eachclientis served by
Z Y one facility
jed
th‘jl‘zj <l-k e Distance
iel Constraints
tijri; <1 el jeJ b,
Z ity = 0205 J€ Capacity Constraint
icl
numVeh; > {ZiEI L xij-‘ jelJ Sub-problem Relaxation
cuts Benders cuts
Tij < Dj rel, e J (14)
x5, p; € {0,1}, numVeh; € {0,...k} 1€l,5€J (15) P

University of Toronto _ & _
Mechanical & Industrial Engineering @
f-—;{__g'ue-‘.'
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127

Location-Allocation Master Problem (LAMP)

min Z fj Pj + Z Z CijTij -+ U Z n.-u-mVe/z,j

jeJ i€l jed jeJ

Zl’z‘j — 1 i ¢ [ | Eachclientis §§rved by
_ one facility
jed
th’jl’z’j <l-k g Distance
il Constraints
tijl?ij S [ 1 € ]] = J (o7
Z (li*rij A bjpj = o+ Capacity Constraint
iel

ot _
I hj > {ZZEI[ ] ZJ_‘ jed Sub-problem Relaxation
cuts Benders cuts
Tij < Dj re l, e J (14)
x5, p; € {0,1}, numVeh; € {0,...k} 1€l,5€J (15) e

University of Toronto _ %
Mechanical & Industrial Engineering
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LBBD > 300 times faster

LBBD vs IP than IP

™ T T T T T ™ T T ™T

100000 | Uncorrelated  + & 14
l Correlated X 5¢ i ]

X
i X 2 + X 1

+ % & i
10000 " » X o

+
QO X + y* X I + 7
_g 1000 = ++ % X » +x X+ #__
- X b % % X3 _-n-+ X X
5 X + % 1
o ><+ + ++% % X 3 ; 4
O 100 | x Xy L T . - + -
X+ X +
D + 4+ X 5_ - +
X%*X e i + e >+

2l i L% o +)o+ G, X +
- wE X xx++>*‘s< + % X X x 7
— * + xx R X +*
x % X X X

+ +
1F N ﬁ"’?‘*’f -
X
T
x X#& X
01 L L M| L L M| " " | " L P | L 1 M| : L M| L
0.1 1 10 100 1000 10000 100000 %
o | =
. IP CPU Tlme X 1ivyuoLu iIal I_IIyIIIUUIIIIg. g =
[Fazel-Zarandi & B 2012] /JOC, 24, 399-415, 2012. B e
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Th\p h‘:u( A\ o\"m , e
The Plan

Does anyone notice any
Inconsistencies in the story |

) DecompOSItlon & am telling you so far?

Modeling

* Logic-based et W 1O
Benders Decomposition
(LBBD)

* Applying LBBD to Problems Somewhat
Related to Computational Sustainability

* Beyond Decomposition
¥
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Decomposition

» Hierarchical (the standard way)

— overall problem is split into sub-problems
solved one at at time or independently

* e.g., infrastructure layout after turbine placement
— no feedback

* Integrated

— decisions really depend on
each other but problem too
big to solve in one model &

— decomposition with feedback University of Toronto

hanical & Industrial Engineering
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Decomposition

» Hierarchical (the standard way)

— overall problem is split into sub-problems
solved one at at time or independently

* e.g., infrastructure layout after turbine placement
— no feedback &

* Integrated

— decisions really depend on
each other but problem too
big to solve in one model

— decomposition with feedback
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A Weakness in My Story

* Motivation was about taking really big
complex problems and decomposing

* But all my examples have really been
“small” problems (the type we normally
solve in CP/AI/OR)

— e.g., all the aspects of building a wind farm
not just turbine placement

-
University of Toronto _
Mechanical & Industrial Engineering
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A Challenge

« Rather than decomposing what we already
see as a single problem, can we unify
what we think of as separate problems?

- <

o Jniversity of Toronto _ & _
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Directions

* Integrating maintenance
planning and
production scheduling

— long-term stochastic
reasoning combined with short- term

combinatorial reasoning
[Aramon Bajestani, forthcoming] PhD dissertation, University of

Toronto
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Cut Cut

e =
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Core Representation ﬁ

Reduced expressivity & a fast solver

Cut _ _ Lut

Subproblem 1 « o . Subproblem n

-
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Core Representation ﬁ
Reduced expressivity & a fast solver
Cut Lut
Soluti \Sbmtwn\
“extra stuff’ c o “extra stuff’
Not [easily or efficiently] representable in core
. o
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Core Representation ﬁ

Reduced expressivity & a fast solver

Cut Lut
[Partiatl Solution W
“extra stuff’ c o “extra stuff’
Not [easily or efficiently] representable in core
. o
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Core Representation

[SAT] |

Reduced expressivity & a fast solver

Cut . _ _ _ Lut
[Pa olution W
“extra stuff’ “extra stuff’
[T-solver 1] vt [T-solver n]
Not [easily or efficiently] representable in core
. o
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SAT Modulo Theory (SMT)

Core Representation

[SAT] |

Reduced expressivity & a fast solver

Cut _ _ _ _ Lut
[Pa olution W
“extra stuff’ “extra stuff’
[T-solver 1] vt [T-solver n]
Not [easily or efficiently] representable in core
Ap
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Core Representation

[LP or MIP] \

Reduced expressivity & a fast solver

Cut . _ _ _ Lut
[Pa olution |] Solution

“extra stuff” “extra stuff”
[cut generator] vt [cut generator]

Not [easily or efficiently] representable in core

-
University of Toronto _
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olution ial] Solution

“extra stuff”
[cut generator]
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Branch-and-cut

Core Representation

[LP or MIP] \

Reduced expressivity & a fast solver
Cut

“extra stuff”
[cut generator]

Not [easily or efficiently] representable in core
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Core Representation
[logical state representation] \

Reduced expressivity & a fast solver

Cut Lut
[Partiat} Solution W
“extra stuff’ “extra stuff’
[LP] vt [temporal]
Not [easily or efficiently] representable in core
Ap

University of Toronto _
Mechanical & Industrial Engineering
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(Al) Planning Modulo Theory

Core Representation
[logical state representation] \

Reduced expressivity & a fast solver

Cut Lut
[Partiat} Solution W
“extra stuff’ “extra stuff’
[LP] vt [temporal]
Not [easily or efficiently] representable in core
Ap

University of Toronto _ %
Mechanical & Industrial Engineering

[Gregory et al. 2012] E
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Core Representation
[domain store + branching heuristics] \

Reduced expressivity & a fast solver

Cut . . . .
[Pa olution |] Solution

“extra stuff” “extra stuff”
[global constraint 1] [global constraint n]

Cut

Not [easily or efficiently] representable in core

-
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CP

Core Representation
[domain store + branching heuristics] \

Reduced expressivity & a fast solver

Cut . . . .
[Pa olution |] Solution

“extra stuff” “extra stuff”
[global constraint 1] [global constraint n]

Cut

Not [easily or efficiently] representable in core

-
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I h e S I S a Domain consistengy

« CP itself can be seen as an instance of
this decomposition pattern

* But a sub-problem “solver” (i.e. a
constraint) has been almost always
consistency enforcement

* It is time to move beyond this narrow view
of a constraint and really exploit the choice

of a rich constraint representation
¥
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Things a Constraint Can Do

* Automatically detect independent sub-

problems and solve them
[Heinz, Ku, & B. 2013]

* Automated remodeling via dual presolving
[Heinz, Schulz, & B. 2013]

* Provide heuristic information (solution

counting)
[Pesant et al. 2012]

* Generate clauses/explanations
[Schutt et al. 2011]
AP
University of Toronto _
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Take Home Message |

* Decomposition (LBBD) is a
valuable approach to solving hard
combinatorial optimization problems
— But it is non-trivial to use
— Sub-problem relaxation and cuts critical

« Can it be used to integrate related
problems currently solved separately?

-
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Take Home Message ||

« LBBD is a pattern of delayed
constraint posting that can be seenin a
number of techniques: SMT, B&Cut, and
PMT

— thinking of global constraints as such a sub-
problem (and more than just an inference
mechanism) is a promising direction

-
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No zombies were optimized in the making of this
presentation
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